Year 13 – Deriving the equations for circular motion
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Frequency and period





Consider a ball swinging on a 2m string in a horizontal circle.





It takes 4 seconds to complete a full circle, so we say time period ‘T’ is 4 seconds.





Using the formula





� EMBED Equation.3  ���








we can see that it rotates at a frequency ‘f’ of 0.25 rotations per second.





Velocity





Now our ball is moving with some uniform velocity ‘v’.





The ball travels a distance of 2πr (one full revolution) in a time ‘T’ seconds.





It follows that the velocity of the ball must be:








� EMBED Equation.3  ���		or		� EMBED Equation.3  ���











Calculate the velocity of the ball in our example (and don’t forget units with your answer): _______________

















Angular acceleration





Let us consider a small section of the path, AB.





We can see that the small change in velocity is given by:








Δv = v∙sin θ








and so we find that





� EMBED Equation.3  ���











Angular velocity





There are 2π radians in a full circle, so the objects it moves through an angle of 2π radians every 4 second.





It follows that it will travel a quarter of this angle in one second.  We call this quantity the ‘angular velocity’.  It is denoted by the symbol ω, and measured in units of radians per second (rads / sec).





Calculate the angular velocity, ω, for our example: _________________





You should see that the general formula is in fact 








� EMBED Equation.3  ���	or	� EMBED Equation.3  ���














We can now use the “small angle approximation” which states that sin θ ≈ θ for sufficiently small values of θ, hence we have arrived at a simple expression for our angle:





� EMBED Equation.3  ���





The distance travelled through this small angular displacement can be approximated as a straight line.  We find that we have a triangle, formed by two radial lines connecting the two positions of the ball with the centre of the circle, and the short distance ‘AB’ given as vΔt.





It follows that the angle “swept out” by our swinging object can be found:





� EMBED Equation.3  ���		





Again, we find that our small angle approximation applies, such that tan θ ≈ sin θ and hence tan θ ≈ θ for sufficiently small values of θ.  This gives us a simplified expression:





� EMBED Equation.3  ���





Now, the two angles we have found are the same, due to the law of similar triangles, so we can equate our two expressions for θ:





� EMBED Equation.3  ���		





Rearranging, we find:





� EMBED Equation.3  ���








Of course, we know that � EMBED Equation.3  ��� is an acceleration, so we have arrived at an expression for angular acceleration:





� EMBED Equation.3  ���		and applying newtons law, F = ma		� EMBED Equation.3  ���
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